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Vspike
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V (t)
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¤ﬁTWjl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V (t)
xW{
!zY*tvWdgf|?kxfvY*9f]jqxmqd|{ejlcjl{YC{ºi9b
Vspike
­£Wrt]f]TYCt]X(kntvYnª´nmmu*knW{rW°f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ªx{
I(t)
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cVspike
­uWkntUf]TWYCd]Y$Y*¤ #xtvjlnimY5d*ª 
 8¤ﬁtvj¥fvYCd
dV (t)
dt
= Gexc(t)(Eexc − V (t)) + Ginh(t)(Einh − V (t))− gL V (t) + I(t), 
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²nmrWY|k@Yn­
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V (t)
jqdUtvYCd]YfUf]k(#xmlrY 9*YCt]k(# fvY*tUf]TWYd]jl«nY 
®?kxfvY*9f]jqxm 9CY*tvk£i?Y*jlo
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Sk±i?YfgfvY*t$r{eY*t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7 ª´¤YhtvY*¤ﬁtvjf]Yjf	jl
fvTY®knmlmlk#¤ﬁjoh¤U²b?³
dV (t)
dt
= g∞(t)(E∞(t)− V (t)), 
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¤ﬁjf]T³ 
g∞(t) = Gexc(t) + Ginh(t) + gL,
E∞(t) = G
exc(t)Eexc + Ginh(t)Einh + I(t)
g∞(t) .
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\µYjWj¥fvjlnmk@W{ejf]jlknWdﬁnt]Yµ®kntvonknfgf]YC´ª 
*!/TWndfvTY	d]knmlref]jlkn
V (t) =
∫ +∞
ξ=0
g∞(t− ξ)E∞(t− ξ) exp
(
−
∫ t
t−ξ
g∞(u)du
)
dξ.
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Ï/KCx(iYµdgYCY*´ª9#fuYC@TfvjX(Y
t
ªcndKf]TYﬁmljWYCxt¯knc@knmlref]jlknhkx
E∞(t)
¤ﬁj¥fvT|f]Y*X(?kntxm
«@Y*tvY*m
ξ → Kt(ξ) ªef]TWxfj¥fdgYCm¥K{eYCYCW{dUknf]TWY$t]Y5dgYC9f¯fvjX(Y t ­K[ÞW{eYCYC{©ªWknY$*ntvY*¤ﬁtvj¥fvY 
®!¯@d
V (t) = E∞ ∗Kt (t), ¤ﬁjf]T

g∞(t) = Gexc(t) + Ginh(t) + gL,
E∞(t) = G
exc(t)Eexc + Ginh(t)Einh + I(t)
g∞(t) ,
Kt(ξ) = g
∞(t− ξ) exp (− ∫ ξ
0
g∞(t− u)du) ªe®k@t ξ > 0.
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Ginh(t)
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ξ → Kt(ξ) jqdhmlk#¤U¢PW@d]d ¨Wmf]YCt-
Ïd]jY$jfjldﬁnm¤U²bed¯?k@d]jf]jlnYªcf]TWxfnYCt]j¨WYCd∫ ∞
ξ=0
Kt(ξ)dξ = 1,
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TYC«ed£YCnd]jlmb®tvknX j¥fd {eY¨j¥fvjk@ jl 
P °­ ·zd(E*knWd]YCp9rYCWY@ª
V (t)
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fvY*X(?kntxm²nY*txo@jWo|knjlref
E∞(t)
ªe¤ﬁj¥fvT²nYCtvnonjlotvkn?Y*t]f]jlYCd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7$X(Y*mfvd{ek#¤ﬁEf]kfvtv@{ej¥fvjk@WxmmljY5xt|j9fvY*ont#fvjk@¦X(ke{eY*mKd]rWTº@dfvTY [y;YCrt]k@

 ´Y5x«cb¦[Þ9f]YCont#f]Y nW{¡jtvY X(kc{Y*mPª/d]Y*Y Yn­ oW­

85 ®k@t	±t]YCcjYC¤	|¤ﬁTY*f]TWYmY5x«#xo@Yhf]Y*tvX
gL
jld
X£rWTTjlonTWY*t¯f]TWn f]TY|#xtvbcjo£kn{erW°fxW*YCd
Gexc(t)
nW{
Ginh(t)
­K[Þf]TWxfCnd]Ynª@f]TY|Y*rWt]k@Wxm
jl9f]YCont#f]jlkn {Y¨WY5{ icb 
7$	jqdhj jfvd
)*'6)
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¼?­¡[Þ j¥fd£mljlYCnthtxWonY fvTYEÃ¯[y Xhke{eYCm
7 
ntvk@@TYCdhmjlYCnt´[y Xhke{eYCm©¤ﬁj¥fvT±mY5x«#xo@Y*knW{rW°fxW*Y
gL
nW{jWrefzrtvtvY*9f
Itot(t) = G
exc(t) Eexc + Ginh(t) Einh + I(t).

7$
[ÞW{Y*YC{´ª 
7$k#¤ ¤ﬁtvj¥fvYCd
dV (t)
dt
= Itot(t)− g∞(t) V (t) ' Itot(t)− gL V (t), 
¬ 
nW{f]TY	d]knmlref]jlkn®tvknX 
P ¤ﬁtvj¥fvYCd
V (t) =
Itot
gL
∗ T1/gL (t),
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¤ﬁTWY*tvY
Tτ
jldﬁf]TY	{eY5tvYC@dgjlohY¸ek@Y*9fvjlnm©«nY*tvYCm?¤ﬁjf]TfvjX(Y	k@Wdgfvx9f
τ
xW{jl@fvY*o@tvnm?k@Yn³
Tτ (t) =

1
τ
exp
(
− t
τ
)
if t > 0
0 otherwise.
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ξ → T1/gL(ξ)
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ξ → Kt(ξ) j
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d]rW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SUTY|¨WtvdgfUkne¢¬mljY5xtvj¥fyb jqdUtvY*mq#f]Y5{ fvk£fvTY|f]YCXh?kntxm¨m¥fvY*tvjoh«nYCtg¢
WY*mPª
ξ → Kt(ξ) ª3¤ﬁTjqT¡jqd$kxf$fvY*X(?kntxmlmbdyf#f]jq(jl"f]TYÃ¯[y X(kc{Y*mP­ 2;TY*f]TYCttvYC*Y*9f$²nmrWYCd
kn
g∞(t)
nt]Y iWjo§k@t	dgX xmlmPªfvTY?kxf]YC9f]jqxm
V (t)
¤ﬁjlmmu®knmlmk#¤ f]TY{et]jlcjWo?kxfvY*9f]jqxm
E∞(t)
nY*tvb
d]TWnt]mlb(jf]TWYz¨WtdgfUCnd]YnªexW{XrWTX(kntvYµmlkck@d]Y*mlbhjlf]TYdgY5k@W{Cnd]Yn­3kntfvTYXhk@X(Y*9fCªc¤Y|{ek
Wkxf fx«@Yﬁf]Tjqdkn¢PmljWYCxtvjfyb£jl9f]k£@**knr9fC­K`crWCY5d]d]j@Ymq²bnY*tdKjlfvTYztvYfvjWWª9nW{ knf]TYCt fvtvnWdgX(jqdy¢
d]jlkn§dyfxo@YCdf]T#fzxmqd]khjlX(mlbfvY*X(k@tvnm{eYCml²bed
Ïd]bcWxf]jq|f]txWd]X(jldvdgjlknªndﬁtvYCd]Y*9fvYC{jE`cY5°fvjk@
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SUTYºdgY5kn{ Wkne¢¬mjlY5xtvj¥fyb jldjNfvTYEY*¸cWt]Y5d]d]jk@ knf]TY{et]jlcjWo
?kxfvY*9f]jqxm©jfvd]Y*myª
E∞(t) =
Gexc(t) Eexc + Ginh(t) Einh + I(t)
Gexc(t) + Ginh(t) + gL
.
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V (t)
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E∞(t)
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 8C 3jlX(mljY5d3f]TWxf
V (t)
k@t]tvYCd]k@W{d/f]k	${jcjqdgjlnYdv*nmjloicb	f]TWYﬁfy¤¯k
jlrfvd
Gexc(t)
xW{
Ginh(t)
³/¤ﬁTY*hfvTYCd]Yfy¤¯k|jWrefvdKnt]YmqxtvonYY*k@ronThnd3k@XhxtvYC{$fvk
gL
ª
V (t)
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xmujlrf£rtvtvY*9f
Gexc(t)Eexc + Ginh(t)Einh
f]k
i?Y	iWnmlnWY5{±iY*fy¤¯YCY*§Y*¸e*j¥f#fvjk@¦xW{jlTjlij¥fvjk@´ª?f]TWxf
Ginh(t)
i?Y	i?Yfy¤Y*Y*±¨nYnW{f]YC§f]jlX(YCd
mqxtvonYCtfvTWx
Gexc(t)
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?knjl9fﬁj±knrWtﬁt]Y*f]jlWhXhke{eYCm7­ LzY*W*Ynª¤YX x«nY|fvTY	xWt]k²¸ejlX(xf]jlkn
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dV
dt
(x, y, t) = G∆V (x, y, t)− 1
τ
V (x, y, t) + I(x, y, t).
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H(x, y, t) = G√
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1
2piσ2
exp
(
−x
2 + y2
2σ2
)
.

Px$
P5P
Ê.Q2R S<TS
!@    
	  .ﬃ ﬁ< *(
2;TYC
τ → +∞ ªefvTYd]YC*knW{f]YCt]X%kxf]TY$tvke{erWfﬁf]Y*{dﬁfvk#¤ntv{d¯fvTY	k@Wdyfx9fU®rWf]jlkn§kx
#nmrY8@ªxW{
H
iY5knX(Y5df]TY	*ml@d]d]jlCxmTY5#fYCp9rWxf]jlkn«nYCt]YCm7­
H
jqd(k@e¢¬d]Y*xtximlYz¨m¥fvY*t5ªd]jW*Yf]jlX(Y
t
Tnd {ejltvYC°fjlﬀWrWY*W*Y	knf]TWYdg#f]jqxm©xt]fkx3f]TY
¨m¥fvY*tvjoªndﬁ{eY*¨WY5{icb
G√2Gt
­
SUTY$Wt]k@YCtgfvjY5d¯kn/¨m¥fvY*t
H
xtvY$kndgjq{eY*tvYC{YC@dgjlmbjf]TWY	knrWt]jlY*tﬁ{ek@X(nj³
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Ã¯[y X(kc{Y*mPª¤ﬁjf]Tfy¤¯k§*knW{er°fvnWY(jlref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V (t) = E∞ ∗Kt (t), ¤ﬁjf]T

g∞(t) = Gexc(t) + Ginh(t) + gL,
E∞(t) = G
exc(t)Eexc + Ginh(t)Einh
g∞(t) ,
Kt(ξ) = g
∞(t− ξ) exp (− ∫ ξ
0
g∞(t− u)du) ªe®k@t ξ > 0.
·µd/dgfvxf]YC{	jhdgY5°f]jlkn!W­8@­ eª²d]rWTn	jl@fvY*o@tvxf]jlknX(kc{Y*me*n$iYUk@Wdgjq{eYCt]Y5{mjlYCnt¤ﬁjf]T	tvYCd]?YC°f
fvkjfvd|jlrefj¥ f]TYhmY5x«#xo@Yk@W{erWfvnWY
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Gexc(t)
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Ginh(t)
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TCnd]YUf]TY{etvjcjlo	?kxfvY*9f]jqxm
E∞(t)
*niY|k@Wdgjq{c¢
YCt]Y5{ nd¯$mjlY5xt ¤Y*jlonT9fvjo$kn©f]TYzfy¤¯kjWrefvdC­ 2ºY|dgrWk9dgYﬁfvTW#f¯f]Tjqd &yijlo
gL
'*knW{j¥fvjk@j{eY*Y5{
nmljY5d*­ﬁS/kjlWdgrWt]Y$mljWYCxtzf]txWd]X(jldvd]jk@´ª¤Y	XrWdgfµnmld]kdgrWk9dgY	f]TWxff]TYh{ej¶?YCt]YC@f|dgbcWnWdgY5dUf]k
iWj?knmqxt*Y*mlmldﬁnt]Y|jfvTY*jltmljY5xtﬁtxo@Yn­
[Þ$fvTjqd/Cnd]Yu¤¯Y*n	xmlb|f]TYd]nX(YutvjW*jWmY f]TWxf/TW@d´mlYC{$rWd®tvknX t]Y5Y*f]knt¨Wmf]Y*t
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#fvjk@ºjl"ijlk@mlnt	Y*mlmqd 
®¤ﬁTk9dgYhfvjX(Y*knWdgfvn@f5ª{eY*¨WYC{"icb¦«@Y*tvY*m
ξ → Kt(ξ)
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jl¦fvTYht]Y5Y5{ejWoYCp9rWxf]jlkn´ª?jqd|ntvk²¸ejX #fvY*mlb*knWdgfvn9fµxW{EYCp9rWnmfvk
(gL)−1
ª´{ejtvYCf]mlb§jEf]TY
Wt]YC9jlknrdgmlb§{eY¨WWYC{§¨m¥fvY*td
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fvTYhij?knmqxtYCmmmq²bnY*t|*nºxmqd]kiY(n{W{eYC{ºndµ¤¯Y£TW²nY	?Y*t]®kntvX(YC{±®k@t|f]TYhTkntvj:9*kn9fxmmq²bnYCtC­|·zd
±tvYCd]rmfCª/¤¯Y ¤ﬁtvj¥fvY f]TWY mjlYCnt	tvY*mq#f]jlkni?Yfy¤Y*Y*¡mljlonT9f	j{erWY5{¡k@W{erWfvxYCd$nW{ijlk@mlntYCmm
?kxfvY*9f]jqxm´@d*³
VBip(x, y, t) = V
0
Bip + AC ∆G
x,y,t∗ HBip (x, y, t),
with :

HBip = HC − wHS ,
HC(x, y, t) = GσC (x, y)TαC ,τC (t),
HS(x, y, t) = GσS (x, y)TαS ,τS (t).
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HC
x{
HS
xtvY	²nYCtvnonjlo
d]Wxf]jlkx¢Pf]Y*X(?knt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*Y*mlm7­
V 0Bip
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w = AS/AC
­
w
tvrmlYCdf]TWY$iWxW{e¢PW@d]d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w = 1
ªWf]TY	iWj?knmqxtz¨Wm¥fvY*t
HBip
jld  .(.  .  :ﬃ  ﬁ<ﬁ°ªjl§f]TWjld
d]Y*dgYf]T#f¯d]W#fvjlnmmlb£nW{£f]Y*X(?kntxmlmb£kndyfx9f 9*knWYﬁkx?f]TYjlX xo@Y¤ﬁjlmlmkxfuYCnk@«nYﬁxcb	tvYCd]k@Wd]Y
kn3f]TY£ij?knmqxt|YCmm 
 fvTW#f|jldCª
VBip = V
0
Bip
°ª©ndzknY£*x¦TWYC«YCnd]jlmb±dgjlW*Y	iknf]T§¨m¥fvY*td
HC
x{
HS
nt]Y|k@t]X xmlj:9*YC{´­
[ÞEf]Tjqd$*@dgY@ªWfvTY dgWxf]jlkx¢Pf]YCXh?kntxm/tvkn?Y*t]f]jlYCdµkx
HBip = HC −HS nt]Y£iY5dyf$dgYCY*Ef]Ttvknro@T
fvTY®knmlmlk#¤ﬁjo({eY5knX(?k@d]j¥fvjk@´ª{ejlt]Y5°fvmbk@iefvnjWYC{®t]k@X 
*!@ °³
HBip(x, y, t) = [GσC −GσS ] (x, y)TαC , τC (t) + GσS (x, y)
[
TαC , τC − TαS , τS
]
(t).
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ÏYn­ oW­Ux§YC{onY$jl¦dyf#fvjljlX xonY  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w < 1
ª©fvTY ijlk@mlnt*Y*mlmu¤ﬁjlmmKtvYCd]k@W{Ef]k§X(j¸cf]rtvY(kxf]TY

7dg#f]jlkx¢Pf]YCX(k@tvnmmlbKfvtvnWdgjlY*9f¨Wmf]Y*t
HC −HS nW{kxfvTY 
Ïd]W#fvjkn¢7fvY*X(?kntxmlmb¯dgrWdgfvnjWYC{¨Wm¥fvY*t
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λ
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(VBip(x0, y0, t)− v0)
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WkxfﬁX(kc{j¥®b fvTY$dgjlonxm©#fxmlmPªcd]k(j¥fCxknfjlﬀWrWY*W*YµfvTY$cjld]rWnmmlb iY5dyf]¢7¨Wfgf]jlo {eY5*²b(f]jlX(Yn­uSUTY
d]jlXhWmY5dyf$¤U²b±f]k§{ekf]Tjqdjqd|f]k§TW²@Y£Y5nT¦fvY*tvX jlEfvTYdgrWX k@W{eYCt]Y5{Eicb¦jfvdk#¤ﬁ#xmlrYn­(·W{
jlW{eYCYC{©ªW¤¯Y|¨WW{
τ =
∑N
n=1 τ
2
n∑N
n=1 τn

Pn 
fvk¦i?Y§dgrWj¥fximlYTk@jl*Y(®knt$fvTY{eY5*²b¦fvjX(Yj¡X(k@dgf*@dgY5d*­±SUTYC´ªKn**knt{ejlof]k§knidgYCt]##fvjk@

P 81ª¤YTWk@d]Yn³
α =
∑N
n=1 τn
τ
− 1 
7H!$
@dKknrWt #xmlrYﬁ®k@t
α
­µdgjlo$fvTYCd]Yzntvk²¸cjlX #fvjk@WdKxml¤²bed3tvk#cjl{YCdu$tvY*mq#fvj@Y*mlb£*kntvt]Y5°fK¨f kn©f]TY
tvYCnm©*ndv*@{eYC{¨Wmf]YCtCª@dﬁdgTk#¤ﬁjl±jlonrtvY	#­
SUTY5dgYUYCXhWjtvjlCxmeTk@jl*YCd/®knt
(α, τ)
Cx(nf]rWnmmlb$iYwyrWdgf]j¨WY5{£jl£f]TYﬁk@rtvjYCt3{knX xjl´­[ÞW{eY*Y5{©ª
k@Y$*nTY5«YC@dgjlmlb(f]TWxfﬁf]TY$o@Y*YCtvnmWknrtvjlY*tUf]txdy®k@t]X kn/®r°f]jlkn
Tα,τ
jqdﬁonjlnYCicb³
T˜α,τ (ξ) =
1
(1− jτξ)α+1 .
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SUTYC´ª{eYCnY*mlknWjWo	f]TWY@°fvrWxm?f]txdy®YCt ®r°f]jlkn
F˜τ1,τ2,...,τN (ξ)
kn 
®9Ł xW{j¥fdUxtvk²¸ejX x¢
fvjk@
T˜α,τ (ξ)
ªWi?kxf]T§xffvTY	d]YCk@W{knt{eY*tUjl
ξ
ªWt]k#cjq{eYCdC³

F˜τ1,τ2,...,τN (ξ) = 1 + j
(
N∑
n=1
τn
)
ξ − 1
2
(
(
N∑
n=1
τn)
2 +
N∑
n=1
τ2n
)
ξ2 + o(ξ2),
x{©³
T˜α,τ (ξ) = 1 + j ((α + 1)τ) ξ − 1
2
(
τ2(α + 1)(α + 2)
)
ξ2 + o(ξ2).
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·µdﬁht]Y5dgrmfCªejlX(k9dgjlohf]T#f
T˜α,τ (ξ)
iYY5p@rxmf]k
F˜τ1,τ2,...,τN (ξ)
ndÏnt#fUf]TY	d]YC*knW{knt{eY*tUjl
ξ
bcjlY*mq{df]TWY	xtvk²¸ejX xf]jlkn®k@t
α
x{
τ
f]TWxf¤@dUY*X(jlt]jq*nmmlbtvkn?k@d]YC{j 
PncªÉ ! ­
+h¼
* ﬃ ﬃ
À
)J'  e('
À
)
¿
'®
&
G) '6)
¼
C
¼

α

YCt]YCmld
Tα,τ
®kntµ¤ﬁTjqT
α ∈ N TW²@Yf]TYhknXh¢
Wrefvxf]jlknWnm@{e#x9fvnonYzf]khiYjlXhWmYCXhYC9fvxiWmY|f]TWt]k@ronTt]Y5rtdgjlnY¨Wm¥fvY*tvjWoW­ LYCWY¤Y|nmld]kfvYCdgf]Y5{
cjqdgrxm{ej¥¶Y*tvY*YCd¯i?Yfy¤Y*Y*f]TY|i?YCdgfg¢P¨fgfvjo
Tα,τ
nd{eYCdvtvjliY5{(f]TtvknrWonT 
PneªÉ !$ nW{ jfvd &yjl9f]YConY*t
nmWTW'|ntvk²¸ejX #fvjk@@dﬁ{eY¨WWYC{icb?³
 αN = round(α)τN = τ 1 + α
1 + αN
.
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F
WrWf]jlkn
round
tvYfvrtvWdfvTY"mlk@d]YCdgfjl@fvY*o@Y*tf]k
α
­
τN
jld±dgf]jlmmxcbNtvYCxm|crXi?Y*t5ªziWrefjf±jld
Cxmqrmq#fvYC{±d]k(@dU®knt
(αN, τN)
f]k@Y*tvj¥®bkniWd]Y*tv##f]jlkn 
7G81°ªkntY5p9rj#nmYC@fvmb@ªef]k(¨Wff]TY	¨Wtvdgfg¢¬knt{eYCt
{Y*nYCmk@X(Y*9fvdµkxknrWt]jlY*tµf]txWdg®kntvX djl 
Pn £­	SUTjqd|t]ke*YC{ertvY£dgf]jlmlmbcjlY*mq{d|cjld]rWxmlmlb±dv#fvjldg®bcjWo
«@Y*tvY*mqdCªc@dUjmlmlrWdyfvtvxf]Y5{jl§/jlonrWt]Y	#W­
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Ï· 
(8, 102, 15) → (2.8, 11.5) 
7Z  (27, 35) → (0.9, 25.5)

PÃ 
(52, 42) → (0.49, 34.84) 
*>  (52, 41) → (0.50, 33.90)
jlonrtvY¡#W³Wknrt§xWt]k²¸ejlX #f]jlkndkxhY¸e?knYC@fvjlnm$*ndv*@{eYCdicb
Tα,τ
«nYCt]YCmldC­ !zkxfvxf]jlkn_jld
(τ1, τ2, . . . , τN ) → (α, τ) rWdgjlo(®k@t]X£rml@d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n³ZYCdgfzxtvk²¸ejX xf]jlkn
¤ﬁjf]Tjl@fvY*o@Y*t
α
ª@dzjl 
7x$°­£jlonrtvYCd|k@X(XhYC9fC³ 
7· µnYCt]b±o@k9ke{¦¨fgfvjo§Cnd]Yn­ 
ÏZ µtvknimlY*X xf]jq
¨Wfgf]jloCnd]Yn­SUTY£5¢P®knmq{t]YCY*f]jf]jlkn§kx3Y¸e?knYC9f]jqxm´«@Y*tvY*m
τ = 2
tvk#cjl{eY5df]TYt]Y5xm´«@Y*tvY*m©¤ﬁjf]T
crmlmU{eY*tvj#xf]jlnYCd£jl
t = 0
xffvTY
5
¨Wtvdgf£k@tv{Y*td*ª3¤ﬁTYCt]Y5nd$fvTY±{eY*tvj#xf]jlnYknﬁf]TY±xWt]k²¸ejlX #f]Y
«@Y*tvY*m3jqd|je¨j¥fvYnªdgjlWY
α < 1
­ 
¬Ã xW{ 
*> |¤¯k@tvdgfg¢Þ*@dgY£d]*Y*Wnt]jlk®k@t|f]TYh¨f]f]jlo±kx¯i?YCdgf$«nYCtg¢
WY*m
Tα,τ
¤ﬁjf]T¡n &gjl@fvY*o@Y*t
α
' «nYCt]WY*mPª´f]TWt]k@ronTYCp9rWxf]jlkn 
7x/°­· d]mljo@T@fTxo@Y£knk@Y kxf]TY
k@t]jlonjlWnm Y¸e?knYC9f]jqxmufvjX(Y5d£X n«nYCdf]TWYi?YCdgfg¢P¨fgfvjo
α
tvk@dvd	#xmlrY
0.5
ªKbcjYCml{ejloEfy¤¯k{ej¥¶Y*tvY*9f
ntvk²¸ejX #fvjk@Wd ®kntUf]TWY	Z¯mlrY	*rt]@Yn­
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[Þf]TjqdUxY*¸©ª@¤YzX(Y*9fvjk@ f]TY|?k@dvdgjlimlYzY¶YCfvd¯kx©fvTYz®YCYC{ein«£®t]k@X=TWkntvj9Ckn9fvnmYCmmqd f]ktvYC*Y*e¢
fvkntd*ªejl±(mjlYCnt®tvnXhYC¤¯k@t]«­
. À .' 0 À )5 ) 3 ' )® ¼ 
Yf
VR(x, y, t)
nW{
VH(x, y, t)
i?Yf]TY?kxf]YC9f]jqxmqdknWt]Y5dg?YCf]jlnYCmbtvYCYCef]k@t/nW{	Tk@t]j:9*k@9fvxm@ml²b@Y*td*­
S/knmmlk#¤ Y¸nfCxmqrmq#fvjk@WdCª¤Ymqn*Yk@rtvd]Y*mlnY5djl¦fvTY£mljlYCnt®txX(Y*¤kntv«ªjlE¤ﬁTjqTEd]bcWxWd]YCd
nt]Y¯kndgjq{eY*tvYC{	mjlYCnt/nW{$jlWdyfx9fvnY*k@rWd/kniewyY5°fvdCª#xW{	j£¤ﬁTjlTY*rtvknd/nt]Y {t]jlnYC	icb*rtvt]YC@fd*ª
Wkxfk@W{erWfvxYCd
ÏX(YCxWjohfvTW#f¤Y	xtvYµjlf]TY$mljlYCntdgjlX(mj¨C#f]jlknkxf]TWY£Ã¯[y X(ke{eY*m°­uSUTY
Y*¸jfv#fvkntvbrtvtvY*9fﬁkn±t]Y5YCef]k@tvdtvk#nk@«nYC{i9bTknf]kxfvtvnWdv{erW°fvjk@jqdﬁknf]YC{
Iexc(x, y, t)
­ SUTYC´ª
fvTY ®YCYC{eiW@«*knrWmY5d	mljY5xtvmb
VR(x, y, t)
x{
VH(x, y, t)
ª/fvTtvknro@T"fy¤¯k§Y5p@r#f]jlkndd]jX(jlmlnt$f]k

P ! ³

dVR
dt
(x, y, t) = GR ∆VR(x, y, t)− τ−1R VR(x, y, t) + Iexc(x, y, t)− (aVH(x, y, t) + b)
dVH
dt
(x, y, t) = GH ∆VH (x, y, t)− τ−1H VH (x, y, t) + (cVR(x, y, t) + d),

P@ 
¤ﬁTWY*tvY
cVR(x, y, t) + d
tvY*tvYCd]Y*9fdUf]TY 
®mljY5xtvj9CYC{ ﬁY¸jfvxf]kntvb*rtvt]YC@fﬁ®tvknX-tvYCYCef]k@tvdﬁf]kTk@t]j¢
9Ckn9fvnm@*Y*mlmldCª#¤ﬁTjlmY
aVH(x, y, t)+b
tvY*tvYCd]Y*9fd©f]TWY 
ÏmjlYCnt]j:9*Y5{ ®YCYC{ein«$rtvtvY*9f®tvknX Tk@t]j:9*k@@fxm
*Y*mlmldfvk t]Y5YCef]k@tvdCªc¤ﬁTjlTjqdﬁxml¤²bedjWTjiWj¥fvkntvbn­
SUTtvknrWonT¦d]rief]tnf]jlkn±kx3fvTY£dgfvxf]jq	dgk@mrf]jlkn§kxKfvTjqdzd]bcdgf]YCX±ª¤Y*n¦xml¤²bedﬁd]r?k@d]Y
b = 0
nW{
d = 0
­ﬁSUTY*´ª
VH(x, y, t)
x{
VR(x, y, t)
iY5xtzWknrtvjlY*tﬁfvtvnWdy®k@t]X dC­¯[Þ±fvTY£WknrtvjlY*tzd]Wn*Ynª

P@i?YC*knX(YCd

−jξtV˜R(ξx, ξy, ξt) =
(− GR(ξ2x + ξ2y)− τ−1R )V˜R(ξx, ξy, ξt) + I˜exc(ξx, ξy, ξt)− aV˜H(ξx, ξy, ξt)
−jξtV˜H (ξx, ξy, ξt) =
(− GH (ξ2x + ξ2y)− τ−1H )V˜H(ξx, ξy, ξt) + cV˜R(ξx, ξy, ξt),
 d]bedyfvY*X f]TWxfµ*n§iY	Y*¸emjqjf]mlb±dgk@m@YC{©ªemlYC@{ejWo(f]k fvTYk@t]tvYCd]?knW{ejlo(Y¸etvYCdvd]jk@®k@tﬁf]txWdg®Y*t
®rWW°fvjk@®k@tﬁTkntvj:9*kn9fxm©YCmmqd*³
V˜H (ξx, ξy, ξt) = H˜H(ξx, ξy, ξt)I˜
exc(ξx, ξy, ξt),
¤ﬁjf]T
H˜H(ξx, ξyξt) =
c
ac +
(
τ−1R + GR(ξ2x + ξ2y)− jξt
)(
τ−1H + GH(ξ2x + ξ2y)− jξt
) . 
PxŁ$
SUTWjldﬁjqdznmld]khf]TY£nd]b9X(efvkxfvjlCxm´Y*¸cWt]Y5d]d]jk@®k@rW{icb­2LzY*txrmfj±fvTYCnd]Y$kxK {ejldvtvYfvY	xtvtv²b
kn*Y*mlmldCªjlTjqd 
ÏbnYfrWrimljqdgTY5{ i?k9k@«xi?knrfﬁf]TY$tvYfvjWW­
SUTY£jﬀWrY*YhkxKf]TWY	®Y*Y5{eiW@«±Cx¦i?Y£{jtvYCf]mlbX(Y5nd]rt]Y5{f]TtvknrWonT*
7nŁ$ªfvTW#f|jc@knmlnYCdf]TY
fvkxfxmco@nj£kxWfvTY®Y*Y5{eiWn«$mlkckn´ª
ac
­3Zb	dyfvrW{ebcjlo|f]TYﬁ{eYCt]jl##f]jlnY5dkn
H˜H(ξx, ξy, ξt)
¤ﬁj¥fvT£tvYCd]?YC°f
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fvk
ξx
ª
ξy
xW{
ξt
ª©knWYhCx¦fvY*mlmK¤ﬁTYfvTY*tfvTYhTkntvj9Ckn9fvnm¨m¥fvY*t$jqdµmlk#¤U¢¬Wndvdzk@tµixW{c¢¬W@d]dC­·ﬁ fvY*t
Cxmqrmq#fvjk@WdCªnjfxWY5xtdKf]T#f fvTY|Tkntvj9Ckn9fvnme¨Wmf]YCt{eY*¨WY5{ icb
H˜H
jldxml¤U²bcdumk#¤U¢¬Wndvdud]W#fvjlnmmlbnª
jlf]TY	d]Y*dgY|f]T#f
∀(ξx, ξy, ξt), ∂‖H˜H‖
∂|ξi| (ξx, ξy , ξt) < 0,
®k@t
i = x, y
­
\µ(fvTYzk@9f]txtvbnª#fvTYTk@t]j:9*k@@fxmc¨Wmf]YCt¯Cx i?YCk@X(YﬁiWxW{e¢PW@d]d   ﬃ2.. #ªcj?fvTYzo9xjl(kxf]TY
®YCYC{ein«(mkck@iY5k@XhY5d iWjo£Y*k@ronT´­K¹§k@t]Yzt]Y5jqdgYCmb@ª9xfUonjlnYCdg#f]jqxm®tvYCp9rY*b
(ξx, ξy)
ªcf]TY
®rWW°fvjk@
ξt → ‖H˜H‖(ξx, ξy , ξt)
tvYC@TYCdjfvdUX #¸ejlXrX-#fUf]YCX(k@tvnm®t]Y5p@rWY*W*b
|ξt| =
√
ac−
(
τ−1R + GR(ξ2x + ξ2y)
)2
+
(
τ−1H + GH(ξ2x + ξ2y)
)2
2
,
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Wt]k#cjq{eYC{µf]TWYu®Y*Y5{eiW@«
ac
jldijloY*k@ronT®k@t´fvTYufvY*tvX_jlWd]jl{eY f]TYd]p9rWnt]YKtvkckxf©fvkzi?Yuk9dgjf]jlnY@­/SUTjqd
X(Y5xWdf]TWxfCª²fvTY*k@t]Y*f]jq*xmlmlbnª5f]YCXh?knt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HC(x, y, t) = GσC (x, y)TαC ,τC (t),
HS(x, y, t) = GσS (x, y)TαS ,τS(t).
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